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Abstract
We construct large families of characteristically nilpotent Lie algebras by analyzing the
centralizers of the ideals in the central descending sequence of the Lie algebraQn and deform-
ing its extensions preserving the structure of these centralizers and the natural graduation. This
provides characteristically nilpotent Lie algebras in any dimension and mixed characteristic
sequences.
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1. Introduction
During the last decades some methods to obtain characteristically nilpotent Lie
algebras have been developed [10,12]. These methods are principally based on defor-
mation theory applied to filiform Lie algebras, which constitute the best known class
of nilpotent Lie algebras. For nonfiliform most examples are isolated, and there is
no cohomological procedure like the one known for the filiform algebras. However,
the analysis of the centralizers Cg(Cqg) of the ideals Cqg of the central descend-
ing sequence of an algebra g has shown how deformations can be constructed to
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obtain rank zero Lie algebras [3]. This approach also explains, in some manner, why
almost any deformation of the nilradical of a Borel subalgebra of complex simple
Lie algebras is characteristically nilpotent. In this paper we exploit this procedure
applied to certain central extensions of the filiform Lie algebra Qn, called of type
Q. The method has some similarities with the one used in [7], up to the fact that
the deformations given here do not depend on the characteristic sequence of the
algebra, and can therefore be extended to other central extensions. This allows to
obtain characteristically nilpotent Lie algebras in arbitrary dimensions and mixed
characteristic sequences.
1.1. Generalities
Whenever we speak about Lie algebras in this work, we refer to finite dimensional
complex Lie algebras.
Let g be an n-dimensional nilpotent Lie algebra. We denote by Ci(g) the ideals
of the central descending sequence of g. Then the Z-graded Lie algebra associated
to this filtration is defined by
gr(g) =
∑
t∈Z
Cig
Ci+1g
.
Definition. A nilpotent Lie algebra g is called naturally graded if it is isomorphic to
gr(g).
In [2] the following invariant is presented:
For any nonzero vector X ∈ gn − C1gn let c(X) be the ordered sequence of a
similitude invariant for the nilpotent operator adµ(X); i.e., the ordered sequence of
dimensions of Jordan blocks of this operator. The set of these sequences is ordered
lexicographically.
Definition. The characteristic sequence of gn is an isomorphism invariant c(gn)
defined by
c(gn) = max
X∈gn−C1gn
{c(X)} .
A nonzero vector X ∈ gn − C1gn for which c(X) = c(gn) is called characteristic
vector.
A Lie algebra g is called filiform if c(g) = (n− 1, 1), where n is the dimension.
In [11], Vergne proves that every naturally graded filiform Lie algebra is isomorphic
to one of the algebras Ln and Qn defined by
1. Ln (n  3):
[X1, Xi] = Xi+1, 2  i  n
over the basis {X1, . . . , Xn+1}.
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2. Q2m−1 (m  3):
[X1, Xi] = Xi+1, 2  i  2m− 1,
[Xj ,X2m+1−j ] = (−1)jX2m, 2  j  m
over the basis {X1, . . . , X2m}.
It will be convenient to use the so called contragradient representation of a Lie
algebra g. Let n = dim(g) and {X1, . . . , Xn} be a basis. If Cki,j are the structure con-
stants of the algebra, we can define, over the dual basis {ω1, . . . , ωn}, the differential
dµωi(Xj ,Xk) = −Cijk.
Then the Lie algebra is rewritten as
dωi = −Cijkωj ∧ ωk, 1  i, j, k  n.
The Jacobi condition is equivalent to d2ωi = 0 for all i.
As known the space H 2(g,C) can be identified with the space of central exten-
sions of g by C. Now the space of 2-cocycles corresponds with the space of linear
forms over
∧2 g which are zero over the space  generated by the elements
X ∧ [Y,Z] + Z ∧ [X, Y ] + Y ∧ [Z,X], (X, Y, Z) ∈ g3.
The extension classes are defined modulus the coboundaries B2(g,C). This al-
lows to identify the cohomology space H 2(g, V ) with the dual space of Ker λ/,
where λ ∈ Hom(∧2 g, g) is given by
λ(X ∧ Y ) = [X, Y ], (X, Y ) ∈ g2.
This interpretation of the cohomology space [8] will be of interest when deter-
mining central extensions which preserve certain properties.
Notation. Following Carles [5], we denote the space of central extensions of degree
one of a Lie algebra g by C by Ec,1(g). The index c makes reference to the central
extension, and 1 to its degree.
Now we concentrate on the Lie algebra Qn. In contrast to Ln, it can only appear in
even dimension, as follows from above. Thus the algebra Qn possesses a structural
obstruction that forces its even-dimensionality. This obstruction is strongly related
with the properties of the descending central sequence CkQ2m−1.
Let ω1, . . . , ω2m be the dual basis of the basis X1, . . . , X2m of Qn. Then the
Maurer–Cartan equations of this algebra are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m−1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j .
196 J.M.A. Bermu´dez, R. Campoamor / Linear Algebra and its Applications 367 (2003) 193–212
In particular, the nonzero exterior product ωm ∧ ωm+1 shows that the ideal
Cp−1Qn, where p = [2m− 1/2], of the central descending sequence is not abelian,
while CpQn is abelian. This can be interpreted in the following manner: while Ln
has abelian commutator algebra C1Ln, the model Qn is as far as possible from
having an abelian commutator algebra. The previous property can be expressed in
terms of centralizers:
CQn(C
pQn) ⊃ CpQn,
CQn(C
qQn) /⊃ CqQn
for n = 2m− 1, p = [2m− 1/2] and 1  q  p − 1.
It is rather convenient to generalize this property to any naturally graded Lie al-
gebra:
Definition. Let gn be an n-dimensional, naturally graded nilpotent Lie algebra of
nilindex p = [2m− 1/2]. Then gn is called of type Q if
Cgn(C
pgn) ⊃ Cpgn,
Cgn(C
qgn)C
qgn
for n = 2m− 1 and 1  q  p − 1.
In this paper, we are principally concerned with the Lie algebras of type Q that are
central extensions of the filiform Lie algebraQn, as well as other extensions. Observe
however that the index fixed in the previous definition is maximal, i.e., there do not
exist Lie algebras which are “less abelian” with respect to the previous definition.
The index, which depends only on the nilindex of the algebra, is very important and
appears in apparently different contexts, such as the parabolic subalgebras [4].
Let e ∈ Ec,1(Qn) be an extension of type Q. As the nilindex is preserved, we
conclude that the characteristic sequence of e must be lower than (2m, 1). Because of
the lexicographical order, the resulting characteristic sequence of such an extension
must be (2m− 1, 1, 1).
2. Extensions of type Q of Qn
In this section we determine all the extensions of Qn by C which are of type
Q. As commented above, the characteristic sequence of any such extension will be
(2m− 1, 1, 1). Thus these algebras will play, in the set of Lie algebras with this
characteristic sequence, the same role that Qn plays for the filiform algebras.
Let E˜c,1(Qn) = {e ∈ Ec,1(Qn) | e is of typeQ}. If e is any such element expressed
over the basis X1, . . . , X2m+1, it follows immediately from the definition of type Q
that e is naturally graded. The first 2m vectors are fixed in the natural graduation
J.M.A. Bermu´dez, R. Campoamor / Linear Algebra and its Applications 367 (2003) 193–212 197
of the extension, thus e is completely determined once we know the position of the
vector X2m+1 in the graduation. The next lemma establishes that the positions are
not arbitrary.
Lemma. Let e ∈ Ec,1(Qn) be an extension. If X2m+1 ∈ e2t (1  t  [2m− 1/2])
then e is not naturally graded. In particular, e /∈ E˜c,1(Qn).
Proof. We have, for any t , e2t = C2t−1e/C2te. If Xn ∈ e2t we have the brackets
[X2, X2t ] = λ2t−2X2t+1 + µ1Xn,
[Xj ,X2t−j+2] = λj2t−2X2t+1 + µt1Xn.
Applying the adjoint operator ad(X1) we obtain the condition:
[X1, [Xt,Xt+1]] + [Xt,Xt+2] = 0.
Now ad(Xt )(〈X1, . . . , Xt+1〉C) ∩ 〈Xn〉 = {0}, so thatµt1 = 0 for all t . On the other
hand, the previous condition implies µ1 = (−1)t−1µt1 ∀t , so Xn /∈ C1e, contradic-
tion with the assumption. 
It follows that the position of the vectorX2m+1 is only admissible if the graduation
block is odd indexed. As we are not interested in split Lie algebras, we convene that
X2m+1 /∈ e1. Moreover, we define the depth h of X2m+1 as follows:
h(X2m+1) = t if X2m+1 ∈ e2t+1, 1  t 
[
2m− 1
2
]
− 1.
For convenience Lie algebras will be written usually in their contragradient repre-
sentation. This will be of importance for the deformations, as linearly expandable co-
cycles are easier recognized when using this notation. Let ω1, . . . , ω2m+1 be the dual
basis to X1, . . . , X2m+1 for the extension e ∈ Ec,1(Qn). Then its Maurer–Cartan
equations are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m−1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j ,
dω2m+1 =
∑
i,j
aijωi ∧ ωj , aij ∈ C, i, j  2,
where d2ω2m+1 = 0. Then the determination of the extensions of type Q of Qn re-
duces to the determination of the possible differential forms dω2m+1. As known, the
coefficient ai,j is given by a linear form over
∧2
Qn which annihilates .
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Let ϕij ∈ Hom(∧2 Qn,C), 2  i, j  2m, be defined by
ϕij (Xk,Xl) = δikδkl, (Xk,Xl) ∈ g2.
Lemma. For m  4 and 1  t  m− 2 the cochain ϕt =∑t+1j=2(−1)jϕj,3+2t−1
defines a cocycle of H 2(Qn,C). If g(m,t) denotes the extension defined by ϕt , then
g(m,t) ∈ E˜c,1(Qn).
Proof. It is immediate to verify that for any fixed 1  t  m we have
Xj ∧X3+2t−j ∈ Ker λ, 2  j  t + 1
and the relations
X2 ∧X2t+1 + (−1)j−1Xj ∧X2t+3−j ∈ , 3  j  t + 1.
Thus ϕt ∈ Z2(Qn,C) and it can be chosen as a representative of its class. As
[ϕt ] /= [ϕt ′ ] for t /= t ′, the classes are noncohomologous, and the extension they de-
fine nonequivalent. Taking the dual basis {ω1, . . . , ω2m+1} the Maurer–Cartan equa-
tions of g(m,t) are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m+1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j ,
dω2m+1 =
t+1∑
j=2
(−1)jωj ∧ ω3+2t−j .
It is evident that g(m,t) satisfies the conditions of the definition of type Q, thus
g(m,t) ∈ E˜c,1(Qn). 
The family of extensions (which is locally finite and depends on m) is proven to
be the class of algebras we are interested in, as follows from the next
Proposition. An extension e ∈ Ec,1(Qn) is of type Q if and only if there exists a
t ∈ {1, . . . , m− 2} such that e  g(m,t).
Proof. Let {X1, . . . , X2m+1} be a basis of e and {ω1, . . . , ω2m+1} its dual basis. As
e is naturally graded, it follows from previous results that h(X2m+1) = t (1  t 
m− 2). This implies that the associated differential form dω2m+1 is of the following
type
dω2m+1 =
∑
i,j
aij ϕij (Xi ∧Xj)ωi ∧ ωj
for i, j  2 and aij ∈ C.
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Now the requirement on the depth implies that
aij =
{
1 if (i, j) = (k, 2t + 3 − k) 2  k  t + 1
0 if (i, j) /= (k, 2t + 3 − k)
from which the differential form reduces to
dω2m+1 =
t+1∑
j=2
(−1)jωj ∧ ω2t+3−j ,
which proves that e is isomorphic to g(m,t). 
Remark. Let Ĥ 2(Qn,C) = {ϕ ∈ H 2(Qn,C) | eϕ is of type Q}, where eϕ is the ex-
tension defined by ϕ. The above result proves that dim Ĥ 2(Qn,C) = m− 1, where
n = 2m− 1. Recall that the type of a nilpotent Lie algebra g is defined as the se-
quence {p1, . . . , pr}, where
pj = dim C
j−1g
Cjg
.
(Other definitions consider both the ascending and descending central sequences, but
for our purpose the type above is enough). Thus the type of g(m,t) satisfies
p1 = p2t+1 = 2,
pj = 1 if 1  j  2m− 1, j /∈ {1, 2m+ 1}.
2.1. The operators D1q,t , M1m,q
As we have seen in the previous section, the structure of the extensions g(m,t) is
very similar, in the sense that the differential form dω2m+1 has a precise form which
depends only on the depth of the (added) vector X2m+1 dual to X2m+1. This fact will
enable us to define certain operators that will be of importance when considering
deformations.
Let
G2 = {g(m,t) |m  4, 1  t  m− 2}.
Definition. Let m2  m1 and g(m1,t1), g(m2,t2) ∈ G2. We say that g(m2,t2) is a dilata-
tion of degree q and type I of g(m1,t1) if
1. m2 −m1 = q  1
2. t1 = t2
We write this operator as D1q,t and note g(m2,t1) = D1q,t1(g(m1,t1)).
Definition. Let g(m1,t1), g(m2,t2) ∈ G2 with t2  t1 + 1. We say that g2(m2,t2) is a
modification of degree q and type I of g2(m1,t1) if
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1. m1 = m2
2. t2 − t1 = q  1
We write g(m1,t2) = M1m1,q (g(m1,t1)) and call M1m,q modificator of degree q.
Remark. A modification of degree q of g(m,t) changes the last form dω2m+1 such
that the vector X2m+1 has new depth h(X2m+1) = t + q.
Lemma. Following relations hold:
1. For t  1 and q1, q2  1 we have
D1q2,t ◦D1q1,t = D1q1+q2,t
2. Let m  5 and 2  t + q1 + q2  m− 2. Then
M1m,q1 ◦M1m,q2 = M1m,q1+q2
3. Let m  4, q1  1 and 1  t + q2  m− 2. Then
M1m+q1,q2 ◦D1q1,t = D1q1,t+q2 ◦M1m,q2 .
The proof is an immediate consequence of the contragradient representation. We
obtain the following diagram:
.
↓D11,2
.
↓D11,3
..
Mm,1
−→
g(m,t) Mm,1−→
g(m,t+1) Mm,1−→ ..
↓D11,t  ↓D11,t+1
..
Mm+1,1
−→
g(m+1,t) Mm+1,1−→
g(m+1,t+1) Mm+1,1−→ ..
↓D11,t
.
↓D11,t+1
.
3. Deformations of g(m,t)
In this part, using cohomological techniques related with the Chevalley
cohomology, we develop a construction method for characteristically nilpotent
Lie algebras. For this purpose, we will concentrate on deformations which can
be translated by the introduced operators. These deformations will be also
interpretable in term of the graded cohomology spaces H 2k (g, g) associated to the
Lie algebra g. Let gn be an n-dimensional algebra and Der(gn) its algebra of
derivations. Define the sequence:
g[1]n = Der(gn)(gn) = {X ∈ gn |X = f (Y ), f ∈ Der(gn), Y ∈ gn}
J.M.A. Bermu´dez, R. Campoamor / Linear Algebra and its Applications 367 (2003) 193–212 201
and
g[k]n = Der(gn)(g[k−1]n ), k > 1.
Recall that a Lie algebra gn is called characteristically nilpotent if there exists an
integer m such that g[m]n = 0 [6]. For practical purposes, the following characteriza-
tion is more useful [9].
Proposition. A Lie algebra gn (n > 1) is characteristically nilpotent if and only if
Der(gn) is nilpotent.
This shows that a characteristically nilpotent has no semisimple derivations, thus
correspond to the rank zero Lie algebras.
Definition. Let gn be a nilpotent Lie algebra. An exterior torus of derivations over
gn is an abelian subalgebra of Der(gn) formed by semisimple endomorphisms. The
rank of the Lie algebra is the dimension of a maximal torus of derivations.
Notation. Let g be a n-dimensional Lie algebra defined over the basis {X1, . . . , Xn}
and let Der(g) be its algebra of derivations. If f ∈ Der(g), we will use the notation
f (Xi) =
n∑
j=1
f
j
i Xj , 1  i  n.
In the preceding conditions, define the cocycle ϕm,t ∈ H 2(g(m,t), g(m,t)) by
ϕm,t (X2, X3+j ) = X2t+2+j , 0  j  2m− 2t − 2.
Lemma. For m  5, 1  t  m− 2, ϕm,t is linearly expandable.
The proof follows easily by induction. Observe in particular that the two differ-
ential forms, dω2m and dω2m+1, are not changed by the added brackets.
The formal operators D1q,t and M1m,q introduced earlier can easily be extended to
this cocycle type:
D1q,t (ϕm,t ) := ϕm+q,t ,
M1m,q(ϕm,t ) := ϕm,t+q .
With this convention we can write
D1q,t (g
2
(m,t) + ϕm,t ) := D1q,t (g2(m,t))+D1q,t (ϕm,t ),
M1m,q(g
2
(m,t) + ϕm,t ) := M1m,q(g2(m,t))+M1m,q(ϕm,t ).
Like before, the following relations are a consequence of this definition.
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Lemma
1. For q1, q2  1 and m  4
D1q1,t (D
1
q2,t (g
2
(m,t) + ϕm,t )) = D1q1+q2,t (g2(m,t) + ϕm,t )
2. For q1, q2  1, m  4 and 1  t + q1 + q2  m− 2
M1m,q1(M
1
m,q2(g(m,t) + ϕm,t )) = M1m,q1+q2(g(m,t) + ϕm,t )
3. For m  5, q1, q2  2 and 1  t + q2  m− 2 the following identity holds:
M1m+q1,q2 ◦D1q1,t (g(m,t) + ϕm,t ) = D1q1,t+q2 ◦M1m,q2(g(m,t) + ϕm,t ).
Proposition. For m  4, 1  t  m− 2, the Lie algebra g(m,t) + ϕm,t is charac-
teristically nilpotent.
Proof. The key is to use the similitude of the models g(m,t) and the action of the
cocycles. By the preceding lemma, it will suffice to prove it for a simple case, e.g.
(m, t) = (4, 2), and then apply D1q,t and M1m,q . In fact, as the deformation does
not change neither the depth of X2m+1 nor the centralizer Cg
(
C[2m−1/2]g(m,t)
)
, the
structure of the derivations is preserved. This implies that the nullity of semisimple
derivations will be translated by the preceding operators.
Let f ∈ Der(g(4,2) + ϕm,2), we have the relations
f ij = 0, 2  i < j  8,
f
j
9 = 0, 1  j  7,
f ii = (i − 2)f 11 + f 22 , 3  i  8,
only by considering the conditions [f (X1), Xi] + [X1, f (Xi)] = f (Xi+1), 2  i 
9. Moreover [f (X2), X3] + [X2, f (X3)] = f (X6) implies f 22 = 3f 11 , y[f (X2),
X7] + [X2, f (X7)] = f (X8), f 21 = 2f 11 . From [f (X3), X5] + [X2, f (X5)] =
f (X8)+ f (X9)we obtain f 99 = 9f 11 and f 89 = 18f 11 . Finally, the condition [f (X3),
X4] + [X3, f (X4)] = −f (X9) implies f 89 = 0, thus f 21 = f 11 = f 22 = 0, and f is
nilpotent. By the previous results
g(m,t) + ϕm,t = M1m,t−2 ◦D1m−4,2(g(4,2) + ϕ4,2)
= M1m,t−2(D1m−4,2(g(4,2))+D1m−4,2(ϕ4,2)). 
Remark. Note that the cocycle which defines the deformation g(m,t) + ϕm,t is
chosen such that the incorporated brackets do not change the exterior differential
of the system.
As g is graded, the cohomology spaces H 2(g, g) admit also a graduation H 2(g,
g) =⊕k∈Z H 2k (g, g). In particular, for the model g(m,t) we have
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H 2(g2(m,t), g
2
(m,t)) =
⊕
k∈Z
H 2k (g
2
(m,t), g
2
(m,t)).
We have the following cohomological interpretation.
Proposition. For t  3 let ψ ∈ H 22t−2(g(m,t), g(m,t)) be a cocycle that satisfies
1. ∀ X ∈ Z(g(m,t)) such that h(X) = t,we haveψ(X, g(m,t)) = {0} andX /∈ im(ψ).
2. If X ∈ g(m,t) is such that there exists an Y ∈ Z(g(m,t)) with h(Y ) = t and Y /∈
im ad(X), then ψ(X,C1g(m,t)) = {0}.
Then
ψ =
∑
2it+2
3j2m−3
λijψij (λij ∈ C),
where
ψij (Xi,Xj ) = Xi+j+1, i + j  2m.
Proof. Again it is enough to state the result for low values of m, t and use D1q,t and
M1m,q . Any cocycleψ ∈ H 22 (g(m,2), g(m,2)) that satisfies the condition (1) is defined by
ψ(Xi+1, Xj+1) = λi+1,j+1Xi+j+3, 1  i  j  2m− 3.
The second condition implies λ1,j = 0, λij = 0 if i  5, j  2. Thus
ψ(X2, Xj ) = λ2jX3+j , 3  j  2m− 3,
ψ(X3, Xj ) = λ3jX4+j , j = 4, 5,
ψ(X4, X5) = λ45X9
from which the desired decomposition follows.
For the general case, a generic cocycle is given by
ψ(Xi+1, Xj+1) = λi+1,j+1Xi+j+2t−1, 1  i  j  2m− 3,
ψ(Xj ,X2m+4−2t−j ) = µj,2m+4−2t−jX2m+1, 2  j  t.
Condition (2) implies λ1,j = 0 and λi,j = 0, i  2, ∀j , and the first forces the
nullity of the coefficients µj,2m+4−2t−j , from which the result follows. 
Notation. We write
Ĥ 22t−2(g(m,t), g(m,t)) = {ψ |ψ satisfies (1) and (2)}.
Corollary. A cocycle ψ ∈ Ĥ 22t−2(g(m,t), g(m,t)) such that ψ(C1g(m,t), C1g(m,t)) ={0} is linearly expandable if and only if ψ = λϕm,t (λ ∈ C). Moreover, g(m,t) +
λϕm,t  g(m,t) + ϕm,t for any λ /= 0.
204 J.M.A. Bermu´dez, R. Campoamor / Linear Algebra and its Applications 367 (2003) 193–212
Remark. From the corollary we deduce that ϕm,t is fixed, up to multiples, by the
restriction property to the derived subalgebra.
Theorem. Let ψ ∈ Ĥ 22t−2(g(m,t), g(m,t)) be a linearly expandale cocycle. Then the
algebra g(m,t) + ψ is characteristically nilpotent.
Proof. Let ψ =∑ λijψij be a linearly expandable cocycle. We rewrite ψ as
ψ =
∑
j3
λ2jψ2j + α
∑
j0∈I0
ψ2j0 +
∑
j,k3
λjkψjk − α
∑
j0∈I0
ψ2j0 ,
where
I0 = {j0 | λ2j0 = 0},
α = m.c.d{λ2j | j /∈ I0}.
Then
ψ = α

∑
j3
ψ2j +
∑
j0∈I0
ψ2j0

+ ∑
k,j3
λjkψjk − α
∑
j0∈I0
ψ2j0
−
∑
j3
(λ2j − α)ψ2j
= ψ1 + ψ2.
The deformation g(m,t) + ψ1 is isomorphic to g(m,t) + ϕm,t , so it is characteristi-
cally nilpotent. We have g(m,t) + ψ  (g(m,t) + ϕm,t )+ ψ2, and we are deforming
a characteristically nilpotent Lie algebra. As the deformation g(m,t) + ψ2 is itself
characteristically nilpotent, it is immediate to verify that the effect of the cocycle
ψ2 over the deformation g(m,t) + ϕm,t is void, so that the structure of the derivations
is preserved, from which (g(m,2) + ϕm,t )+ ψ2 is a characteristically nilpotent Lie
algebra. 
Example. Let (S) be the system of forms
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  5,
dω6 = ω1 ∧ ω5 + λ1ω2 ∧ ω3,
dω7 = ω1 ∧ ω6 + λ1ω1 ∧ ω4,
dω8 = ω1 ∧ ω7 + λ2ω2 ∧ ω5 + λ3ω3 ∧ ω4,
dω9 = ω1 ∧ ω8 + λ4ω2 ∧ ω6 + λ3ω3 ∧ ω5,
dω10 = ω1 ∧ ω9 + ω2 ∧ ω9 − ω3 ∧ ω8 + ω4 ∧ ω7
−ω5 ∧ ω6 + λ4ω2 ∧ ω7 + λ3ω4 ∧ ω5,
dω11 = ω2 ∧ ω5 − ω3 ∧ ω4
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and (λ1, . . . , λ4) ∈ C4. If λi /= 0 for any i and the following relations are satisfied
λ1 − λ2 − λ3 = 0,
−λ2 + λ3 + λ4 = 0,
then the system (S) defines a characteristically nilpotent Lie algebra over C11.
4. Extensions of the g(m,t)
In this section we determine certain central extensions of the algebras g(m,t)
obtained before. Observe that the characteristic of an extension of g(m,t) by C can be
either (2m− 1, 1, 1, 1) or (2m− 1, 2, 1). The first one is not interesting for
our purposes, as it is linear, while the second one is mixed, where by a mixed
characteristic sequence we mean that there are two or more Jordan blocks of dimen-
sion  2. For this case the dilatation and modification operators will be general-
izable, and by extending the cocycles ϕm,t by zeros we obtain characteristically
nilpotent deformations of these extensions which are compatible with the extended
operators.
Let G12 = {g(m,t) |m  4, 1  t  m− 2}. For any fixed m and t we define
E1c,1(g(m,t))= {e ∈ Ec,1(g(m,t)) | e is of type Q and h(X2m+2)
= h(X2m+1)+ 1},
where {X1, . . . , X2m+1} is a basis of g(m,t), {X1, . . . , X2m+2} a basis of e and h is the
depth function. The upper index indicates that we are dealing with central extensions
of degree one of algebras in Ec,1(g(m,t)).
Proposition. Let t  2 and g(m,t) ∈ G12. Then an extension e ∈ Ec,1(g(m,t)) belongs
to E1c,1(g(m,t)) if and only if its structural equations are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m+1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j ,
dω2m+1 =
t+1∑
j=2
(−1)jωj ∧ ω3+2t−j ,
dω2m+2 = ω1 ∧ ω2m+1 +
t+1∑
j=2
(−1)j (t + 2 − j)ωj ∧ ω4+2t−j .
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Proof. Obviously any (Lie) algebra defined by the above equations belongs to
E1c,1(g(m,t)).
Now, if an extension e is of this type, the position of the adjoined vector X2m+2 is
completely determined, by assumption. This implies in particular that in the associ-
ated differential form dω2m+2 the exterior products ωj ∧ ω4+2t−j and ω1 ∧ ω2m+1
appear with nonzero coefficients. Thus
dω2m+2 = a1,2m+1ω1 ∧ ω2m+1 +
t+1∑
j=2
aj,4−j+2tωj ∧ ω4−j+2r + · · ·
Now it is easy to verify that
X1 ∧X2m+1, Xj ∧X4−j+2t ∈ Ker λ, 2  j  t + 1
subjected to the relations
X1 ∧X2m+1 +Xt+1 ∧X3+t = 0,
X2 ∧X2t+1 + (−1)j (t + 2 − j)Xj ∧X4−j+2t = 0
for 3  j  t + 1. No other exterior products Xk ∧Xl belonging to the kernel Ker λ
preserve the graduation and increase the characteristic sequence simultaneously, thus
the above elements generate a unique extension. By elementary changes of basis we
can suppose
a1,2m+1 = a2,2t+1 = 1, a2,2t+1 = (−1)j aj,4−j+2t . 
Notation. An extension e with the previous Maurer–Cartan equations will be de-
noted by g1(m,t).
The case t = 1 must be analyzed independently.
Lemma. For m  4, e ∈ Ec,1(g(m,1)) belongs to E1c,1(g(m,1)) if the structural equa-
tions of e over a basis {ω1, . . . , ω2m+2} are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m+1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j ,
dω2m+1 = ω2 ∧ ω3,
dω2m+2 = ω1 ∧ ω2m+1 + ω2 ∧ ω4 + kω2 ∧ ω2m+1, k = 0, 1.
The proof is analogous to the preceding one. The reason for the existence of
the second extension is the weakness of the restrictions imposed by the differential
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form dω2m+1. For higher depths the existence of additional exterior products in the
adjoined form dω2m+2 is not compatible with its closure d2ω2m+2 = 0.
Notation. For k = 0 the extension is denoted by g1(m,1), and for k = 1 by g2(m,1).
As known, the set of nilpotent Lie algebras g of a given dimension n and char-
acteristic sequence c(g) is denoted by Unc(g) [1]. Now let Ec,2(Qn) be the set of
central extensions ofQn by C2 [5]. The following result shows that we have obtained
practically all the extensions that interest us.
Let g1+k(m,0) (k = 0, 1) be the Lie algebras with structural equations
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2m− 1,
dω2m = ω1 ∧ ω2m+1 +
m∑
j=2
(−1)jωj ∧ ω2m+1−j ,
dω2m+1 = 0,
dω2m+2 = ω1 ∧ ω2m+1 + kω2 ∧ ω2m+1.
Theorem. For n = 2m− 1, m  4 the following identity holds:
Ec,2(Qn) ∩ U2m+2(2m−1,2,1) =
m−2⋃
j=2
O
(
g1(m,t)
) ∪ O(g2(m,1)) ∪ O(g1+k(m,0)), k = 0, 1,
where O(g) denotes the orbit of g by the action of the general linear group.
Proof. Let {ω1, . . . , ω2m+2} be a basis of (C2m+2)∗ dual to the basis {X1, . . . ,
X2m+2} of an extension e ∈ Ec,2(Qn) ∩ U2m+2(2m−1,2,1). As the characteristic sequence
is (2m− 1, 2, 1), it follows that the depth of the vector X2m+1 determines the depth
of X2m+2. Thus, for depths h(X2m+1)  1 the assertion follows from the previous
results. It remains to consider the case h(X2m+1) = 0. Observe that the quotient by
the ideal generated byX2m+2 is isomorphic to the split Lie algebraQn ⊕ C. Thus the
associated differential form dω2m+1 equals zero. The Jordan block of dimension 2
in c(e) implies that dω2m+2 contains at least the summand ω1 ∧ ω2m+1. The natural
graduation and h(X2m+2) = 1 imply that
dω2m+2 = aω1 ∧ ω2m+1 + kω2 ∧ ω2m+1, a /= 0.
An elementary change of basis allows to suppose a = 1 and k = 0 or 1. Thus
e ∈ O(g1+k(m,0)). 
Notation. For later use it will be convenient to introduce some notation. For 1 
t  m− 2 we can write the algebras g1(m,t) formally as
g1(m,t) = g(m,t) + dω¯m,t ,
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where
dω¯m,t = ω1 ∧ ω2m+1 +
t+1∑
j=2
(−1)j (t + 2 − j)ωj ∧ ω4−j+2t
is called extensor of type I.
We can generalize the dilatation and modification operators introduced earlier.
This generalization will be of great utility when we combine them with linearly
expandable cocycles of the Chevalley cohomology.
Let
G12 =
{
g1(m,t) |m  4, 1  t  m− 2
}
Definition. We call dilatation of type II and degree q to the operator D2q,t : G12 →
G12 defined by
D2q,t (g(m,t) + dω¯m,t ) = D1q,t (g(m,t))+ dω¯m+q,t .
Definition. We call modification of type II and degree q to the operator M2m,q :
G12 → G12 defined by
M2m,q(g(m,t) + dω¯m,t ) = M2m,q(g(m,t))+ dω¯m,t+q .
5. Deformations of g1
(m,t)
(t  3)
Let g1(m,t) ∈ G12 and consider an extensor of type I dω¯m,t . We know that g1(m,t) =
g(m,t) + dω¯m,t .
Consider a cocycle ψ ∈ H 2(g1(m,t), g1(m,t)) defined by
ψ(Xi,Xj ) =
{
ϕm,t (Xi,Xj ) if 1  i, j  2m+ 1,
0 if i = 2m+ 2 or j = 2m+ 2,
ψ is clearly a prolongation by zeros of the cocycle ϕm,t ; it will be convenient to
preserve the notation ϕm,t to denote ψ , whenever there is no ambiguity.
Proposition. For any m  4, 1  t  m− 2 the cocycle ϕm,t ∈ H 2(g1(m,t), g1(m,t))
is linearly expandable.
Proof. The Maurer–Cartan equations of g1(m,t) + ϕm,t are
dω1 = dω2 = 0,
dωj = ω1 ∧ ωj−1, 3  j  2t + 1,
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dω2t+2+j = ω1 ∧ ω2t+1+j + ω2 ∧ ω3+j , 0  j  2m− 2t − 3,
dω2m = ω1 ∧ ω2m−1 +
[2m+1/2]∑
j=2
(−1)jωj ∧ ω2m+1−j + ω2 ∧ ω2m−2t+1,
dω2m+1 = ω1 ∧ ω2m−1 +
t+1∑
j=2
(−1)jωj ∧ ω3−j+2t ,
dω2m+2 = ω1 ∧ ω2m+1 +
t+1∑
j=2
(−1)(t + 2 − j)ωj ∧ ω4−j+2t
and, as the first (2m+ 1) equations define an algebra and dω2m+2 is closed, ϕm,t is
a deformation. 
Corollary. For any m  4, 1  t  m− 2 the following identity holds
(g(m,t) + dω¯m,t )+ ϕm,t = (g(m,t) + ϕm,t )+ dω¯m,t .
This commutativity property allows us to define the corresponding dilatation and
modification operators:
D2q,t (g
1
(m,t) + ϕm,t ) := D1q,t (g(m,t))+ dω¯m+q,t +D2q,t (ϕm,t ),
where
D2q,t (ϕm,t ) := ϕm+q,t ,
M2m,q(g
1
(m,t) + ϕm,t ) := M1m,q(g(m,t))+ dω¯m,t+q +M2m,q(ϕm,t ),
where
M2m,q(ϕm,t ) := ϕm,t+q .
Lemma. For a ∈ 0, 1 following identities hold:
1. For m  4 y q1, q2  1
D2q1,t ◦D2q2,t (g1(m,t) + aϕm,t ) = D2q1+q2,t (g1(m,t) + aϕm,t )
2. For m  4, q1, q2  1 and 1  t + q1 + q2  m− 2
M2m,q1 ◦M2m,q2(g1(m,t) + aϕm,t ) = M2m,q1+q2(g1(m,t) + aϕm,t )
3. For m  5, q1, q2  2 and 1  t + q2  m− 2
M2m+q1,q2 ◦D2q1,t (g1(m,t) + aϕm,t ) = D2q1,t+q2 ◦M2m,q2(g1(m,t) + aϕm,t )
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Theorem. For m  4, 1  t  m− 2 the Lie algebra g1(m,t) + ϕm,t is characteris-
tically nilpotent.
Proof. It is a direct consequence of the former lemma and the previous section. In
fact, the algebra can be rewritten as
g1(m,t) + ϕm,t = M2m,t−2 ◦D2m−4,2(g1(4,2) + ϕ4,2)
= M2m,t−2(D2m−4,2(g1(4,2))+ ϕm,2).
The operator M2m,t−2 modifies the form dω2m and, thus, the definition of ϕm,2, so
that
M2m,t−2(D2m−4,2(g1(4,2))+ ϕm,2) = M1m,t−2 ◦D1m−4,2(g(4,2))+ ϕm,t + dω¯m,t .
Now the extensor does not alter the derivations structure. As it does not
include additional conditions on the eigenvalues of semisimple derivations and the
algebra M1m,t−2 ◦D1m−4,2(g(4,2))+ ϕm,t is characteristically nilpotent, the central
extension defined by the adjunction of the extensor dω¯m,t is also characteristically
nilpotent. 
The cocycles ϕm,t are a special case of a more wide family of cocycles of the
subspace H 22t−2(g1(m,t), g
1
(m,t)).
Lemma. If ψ ∈ H 22t−2(g1(m,t), g1(m,t)) is a prolongation by zeros of a cocycle ϕ ∈
H 22t−2(g(m,t), g(m,t)), then ψ satisfies the conditions
1. ∀X ∈ Z(g1(m,t)) such that h(X) = (2t + 1)/2, we have ψ(X, g1(m,t)) = {0} and
X /∈ im(ψ).
2. ∀X ∈ Z2(g1(m,t)) such that h(X) = t,we haveψ(X, g1(m,t)) = {0} andX /∈ im(ψ).
3. If X ∈ g1(m,t) is such that there exists an Y ∈ Z2(g1(m,t)) with h(Y ) = t and Y /∈
im ad(X), then ψ(X,C1g2,1(m,t)) = {0}.
Proposition. A cocycle ψ ∈ H 22t−2(g1(m,t), g1(m,t)) is a prolongation by zeros of a
cocycle ϕ ∈ H 22t−2(g(m,t), g(m,t)) if and only if it satisfies conditions (1)–(3).
We note
Ĥ 22t−2(g1(m,t), g
1
(m,t)) = {ψ |ψ satisfies (1)–(3)}.
Corollary. A cocycle ψ ∈ H 22t−2(g1(m,t), g1(m,t)) is a prolongation by zeros of ϕm,t if
and only if the restriction of ψ to the derived subalgebra C1g1(m,t) is identically zero.
Theorem. Let ψ ∈ Ĥ 22t−2(g1(m,t), g1(m,t)) be linearly expandable. Then g1(m,t) + ψ is
characteristically nilpotent.
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Fig. 1. Dilatation-modification graph for the algebra g(m,t).
Remark. It follows from these results that there is a wide class of deformations of
the algebras g1(m,t) which are compatible with the operator D
2
q,t and M2m,q . The class
[ϕm,t ] is the simplest and gives the intuition how the cocycles in Ĥ 22t−2(g1(m,t), g1(m,t))
act on the algebra.
The result can be resumed in Fig. 1:
Theorem. For m  4 and 1  t  m− 2 the faces of the preceding cube are com-
mutative diagrams.
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